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22
Smoothed particle hydrodynamics (SPH) is a mesh-free technique based on a pure La-23 grangian description. Originally developed for astrophysical applications by Lucy [35] 24 and Gingold and Monaghan [19] , it has been widely adapted by a range of problems in 25 various disciplines [8, 10, 11, 20, 22, 29, 32, 31, 38, 43, 53, 52] . As a meshless technique, 26 the main advantage of SPH method is to bypass the need of a numerical grid to calculate 27 spatial derivatives. Hence, it avoids the problems associated with mesh tangling and dis-28 tortion, which usually occur in FEM analyses for large deformation impact and explosive 29 loading events. As a Lagrangian technique, it offers advantages in problems with moving 30 boundaries, large deformations, dynamic fracture and multiple phases.
32
The first SPH application to problems in the framework of solid mechanics was con-force. Several approaches have been developed in the existing references to deal with this
where, the angle brackets denote a particle approximation, x i represents the concerning particle, and x j is a neighboring particle in the support area; ρ and m are the density and 66 mass of particles, W is a kernel function.
68
In most SPH models [12, 13, 14, 27, 49] , the kernel function is directly expressed in terms 69 of an Eulerian kernel:
where x is the spatial (Eulerian) coordinate, and h is a parameter that defines the size of 
where X is the material (Lagrangian) coordinate. For Lagrangian kernels, the neighbors One drawback of the standard SPH method is its inability to accurately approximate 92 even a constant function when particles are unevenly spaced or located near boundaries.
93
The conditions for the zeroth-and first-order completeness of the SPH approximation are 94 stated as follows:
The zeroth-and first-order completeness for a derivative of a function are:
In the simple form as stated above 
The correction matrix M is obtained at each particle by enforcing that the following e- 
4 Dual-support smoothed particle hydrodynamics to vary from particle to particle [1, 25, 34] . However the interaction of the particles may be 115 unilateral. As shown in Figure 1 , particle x j falls inside the support domain of particle The support H i for a field point x i is the domain where the information for all the points 129 inside this domain is used to determine the information at x i . It is usually centered at 130 particle i with a radius of h i . In Figure 1 , x j is included in the support of x i because it 131 exerts influence to x i .
133
The dual-support H i for a field point x i is defined as a domain where a particle exerts its 134 influences. Hence, dual-support can be viewed as an influence domain. In the notation of 135 dual-support H i , the superscript prime indicates "dual", and the subscript i denotes the 136 particle that exerts its influences. As shown in Figure 1 , x j exerts influence to x i , so x i is 137 in its dual-support H j . On the other hand, x i makes no contribution to the field variables 138 of x j , so x j is not included in H i .
140
From the definition of support and dual-support discussed above, it is easy to obtain that,
141
the particle x i is not always included in H j though particle x j is in H i , as shown in Figure   142 1. However, the particle x i must be included in the dual-support of x j as long as Assuming that F (i, j) is the direct force acting on particle x i due to particle x j . For any 150 domain under consideration Ω, the internal force can be calculated by two approaches.
151
The first approach is by summing all the forces the particles undertake in their support:
And the second is to add up all the forces of each particle that it applies to other particles 154 in its dual-support:
Combining equation (13) and (14):
Therefore, the dual property of the DS-SPH can be stated as that the summation of 
162
Based on the dual property, we can convert the standard SPH formulation into dual-163 support formulation. For example, assuming f (x i ) is a field function on particle x i , ρ i is 164 the density, in standard SPH formulation,∇f (x i )/ρ i is expressed as:
Then in dual-support SPH formulation, the above equation can be converted into:
According to this property, the governing equations can be rewritten in dual-support SPH 
Governing equations
174
The conservation equations for mass, momentum and energy for solid mechanics problems 175 neglecting body forces and temperature in this work are given by
where J and J 0 are the current and initial Jacobian determinants respectively; ρ and ρ 0 178 are the current and initial mass density, P is the first Piola-Kirchhoff stress tensor and e
179
is the internal energy density andḞ denotes the incremental deformation gradient.
181
The Jacobian determinant can be obtained by
where F is the deformation gradient which is defined as:
With the deformation gradient in hand, the Green-Lagrange strain can be easily obtained 186 by:
where F T is the transposition of deformation gradient.
189
Linear elasticity constitutive model is selected in this work, and the second Piola-Kirchhoff 190 stress S is given by
where λ and µ are lame constants.
193
Then the first Piola-Kirchhoff stress P is given by
SPH discrete form of governing equations
196
According to the corrected SPH algorithm, the approximated deformation gradient at a 197 material point x i is given by
In the above conservation equations, to avoid the unbalanced internal force caused by 202 the varying support, the dual-support conception is introduced. According to the dual
203
property of the DS-SPH discussed in Section 4.2, equation (27) and (28) 
In order to avoid the unphysical oscillations in the numerical results and then improve the 
where ρ ij and c ij are the average of the density and sound speed between particle i and 211 j. µ ij can be defined as
where h ij is the average smoothing length, v ij and r ij are the relative velocity and position 213 respectively.
214
In the presented dual support SPH model, the artificial viscosity is rewritten as
Therefore, the momentum equation and energy equation in DS-SPH model are: is subjected to an initial stretch, and then the stretch is released after a short period of 228 time. As illustrated in Figure 2 , the bar is fixed at the left end, and free at the right end.
229
The solution is obtained by specifying the geometric parameters, material properties, as initial displacement gradient is defined as following:
where H is a step function; ε = 0.001 is the initial strain.
237
Figure 2: Geometry of a bar subjected to initial strain and its discretization
The proposed DS-SPH model is used to simulate the longitudinal vibration of a bar.
238
The bar is discretized with 1003 particles with initial spacing of 0.001m; including 3 fixed 239 boundary particles at the left side of the bar (see Figure 2) . The support radius associated 240 to each particle is set as 3 times the particle size. According to Rao and Yap [50], the 241 analytical solution to this problem can be easily constructed by the following equation:
As shown in Figure 2 , three material points A, B, C located at x A = 0.3m, x B = 0.6m el, the L 2 error in the displacement field is evaluated, which is given by:
where u is the numerical displacement and u a is the analytical value. The norm u 274 can be calculated as: The geometry of the plate and the cutout are shown in Figure 10 . To accurately analyze the stress concentration around the circular hole, we use a finer 13459 particles used in the numerical models, including 4604 fine particles. The support 341 radius associated to each particle is set as 3 times the particle size. 
where q is the uniform distribution load in horizontal direction, a is the radius of the Along the x axis, θ = 0, then the equations (43) and (44) can be simplified as:
Along the y axis, θ = π 2
The analytic solution and numerical results are compared in Figure 14 . The black sol- A fine discretization is used in the zone around the cavity (the radius of this zone is 0.25m 398 and the particle distance is 0.025m) while a coarse discretization is used elsewhere (the 399 particle distance is 0.05m). The support size is set to 3 times the particle distance. 
where a is the radius of the cavity, r is the distance between the concerning particle to the 414 origin, u * is the displacement boundary applied on the surface of cavity, E is the Young's 415 modulus and ν is the Poisson's ratio. 
